Abstract. Zaslavsky conjectured the following: The minimum number of vertices to be deleted to restore balance in a subcubic signed graph is the same as the minimum number of edges to be deleted to restore balance. We prove this conjecture. Also, we obtain a bound for these invariants in a special class of signed graphs.
In this note, we prove two results. The first result is a proof of a conjecture of Zaslavsky, and the second one is an upper bound for the frustration index of a signed graph whose underlying graph is cubic and has girth at least 4.
A signed graph Σ is a pair (G, σ), where G is a graph and σ : E(G) → {+1, −1} is a function (called sign function). A circle in Σ (connected nonempty 2-regular subgraph) is said to be positive if the product of signs on its edges is +1, and negative otherwise. A signed graph is said to be balanced if all its circles are positive. Harary [2] introduced the notion of balance in a signed graph, and gave a characterization of balanced signed graphs. An unbalanced signed graph may become balanced when some of its vertices or edges are deleted. This is captured by two parameters: frustration number and frustration index. Let Σ be a signed graph. The frustration index of Σ, denoted l(Σ), is the smallest number of edges whose deletion from Σ leaves a balanced signed graph. The frustration number of Σ, denoted l 0 (Σ), is the smallest number of vertices whose deletion from Σ leaves a balanced signed graph. We prove the conjecture of Zaslavsky [6, Conjecture 7 .1] that these numbers are the same for any signed subcubic graph.
Let v be a vertex of Σ. The signed graph obtained from Σ by negating all links incident to v is said to be obtained from Σ by switching at v. Two signed graphs are said to be switching equivalent if one can be obtained from the other by a sequence of switchings. A signed graph is subcubic if every vertex in its underlying graph has degree at most 3. Zaslavsky [6] conjectured the following, which we prove.
Proof. Let Σ be a signed subcubic graph. Since Σ is subcubic, it can have at most one negative loop incident to a vertex, and hence the presence of a negative loop increases both the frustration index and number by one (frustration number increases by one because if a negative loop is present, the vertex incident to it must be deleted, whereas if the negative loop is deleted, the deletion of the vertex (now isolated or pendant) does not affect the balance of the signed graph). Hence we may assume that Σ is loopless. It is trivial to see that l 0 (Σ) ≤ l(Σ). To see the 
Zaslavsky's lemma [5] says that two signed graphs with the same underlying graph have the same list of positive circles if and only if they are switching equivalent. Hence we can switch so that Σ : Y consists of only positive edges. If in the resulting signed graph, v i is incident to more than one negative edge for some i, 1 ≤ i ≤ k, switch at v i to reduce the number of negative edges (since Σ is subcubic). We keep doing this until we have a signed graph Σ ′ , switching equivalent to Σ, with at most one negative edge incident to each v i , and since switching at a vertex in X does not change the sign of an edge with both endpoints in Y , Σ ′ : Y consists of only positive edges. Let S be the set of negative edges in Σ ′ . Since every edge in S has an endpoint in X, and no two of them share an endpoint in X, |S| ≤ |X| = k. Now, Σ ′ \S consists only of positive edges, and is therefore balanced. This implies
Note that for general signed graphs l can be arbitrarily large compared to l 0 . For example, the graph obtained from n triangles by identifying a vertex in each triangle, with one edge in each triangle negative has l 0 = 1 and l = n. But having a bound on the degree or knowing the degree sequence of the underlying graph can be useful. As Zaslavsky (private communication) points out, the above proof can be used to prove the following:
Let Σ be a signed graph with underlying graph G. Then
What can we say about the frustration number of a signed subcubic loopless graph? Suppose that Σ is a signed subcubic loopless graph. Then we can switch Σ to a signed graph Σ ′ such that the negative edges in Σ ′ form a matching (cf. Corollary 7.4 [6] ). Hence we have l 0 (Σ) ≤
. Can this bound be improved? We give two families of signed cubic graphs to show that without any additional restrictions on the underlying graph, the bound cannot be improved. First family: Disjoint union of k copies of K 4 , with every edge negative. Second family: Disjoint union of k copies of the signed graph consisting of two vertices and three links, exactly one of them negative.
The following result tells us that the frustration index of a signed graph whose underlying graph has n vertices and girth at least 4, and is cubic is at most 3n 8 . Theorem 2. Let Σ be a signed graph whose underlying graph is cubic and has girth at least 4. Then l(Σ) ≤ 3 8 |V (Σ)|. Proof. We will "reduce" Σ by using the following two operations: 1) If the number of negative edges at a vertex v is more than 1, switch at v. Since Σ is cubic, this operation reduces the number of negative edges. 2) If there exist vertices u, v, w such that uv and vw are positive edges, and each of the three vertices u, v, w is incident to a negative edge, then switch at {u, v, w}. Note that the absence of triangles in Σ ensures that the number of negative edges is decreased by operation 2. We keep doing these operations (operation 2 should be used only if operation 1 cannot be done) on Σ. Let the resulting signed graph be Σ ′ (since both the operations reduce the number of negative edges, the process terminates after a finite number of steps). The fact that operation 1 cannot be done in Σ ′ tells us that the negative edges form a matching. Let us denote the set of endpoints of the edges in the matching by X. The fact that operation 2 cannot be done in Σ ′ , together with the absence of loops, multiple edges, and triangles in the underlying graph of Σ ′ , tells us that the positive edges in Σ ′ : X form a matching. Since Σ ′ is cubic, there is at least one edge from every vertex in X to V (Σ ′ ) − X. Hence the number of edges between X and V (Σ ′ ) is at least |X| and at most 3|V (Σ ′ ) − X|:
This gives
Deleting exactly one of the endpoints of each of the negative edges in Σ ′ : X yields a balanced signed graph. Hence
and this completes the proof.
The inequality in the previous theorem is tight. Consider the graph obtained from an octagon by adding diagonals between antipodal points (this graph is known in the literature as the Wagner graph). Declare the diagonal edges to be negative, and the edges on the octagon positive. It is easy to check that l 0 = 3 for this signed graph.
